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1. INTRODUCTION
Throughout this article, G will be a ﬁnite solvable group, and cdG will
be the set of character degrees of G. Let ρG be the set of primes that
divide degrees in cdG. The degree graph of G, written G, is the graph
whose vertex set is ρG. Two vertices p and q in ρG are adjacent if there
is some degree a ∈ cdG where pq divides a. These graphs have been
studied in several places. The best sources for general information about
these graphs are Theorem 14 of [2], Chapter 30 of [3], and Sections 18
and 19 of [10].
In [8], a degree graph  was said to have bounded Fitting height if there
was a bound on the Fitting heights of those solvable groups whose degree
graph is . We showed there that a degree graph had bounded Fitting
height if and only if it had at most one vertex that is adjacent to every
other vertex. The bound found there was linear in the number of vertices.
In that article, we suggested that there may be a universal constant C so
that any solvable group whose degree graph has bounded Fitting height
has Fitting height at most C. In this article, we give some evidence that this
suggestion is appropriate. In particular, we will show for a class of graphs
that the bound is 4. We do not know of any degree graph of bounded
Fitting height where the actual bound is larger than 4.
It is well known that a solvable group with degree graph having two
connected components has Fitting height of at most 4 (see Theorem 19.6
of [10]). We can view this condition as saying for the solvable group G
that ρG = π1 ∪ π2 is a disjoint union where no prime in π1 is adjacent
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in G to any prime in π2. We generalize this condition by considering
solvable groups G where ρG = π1 ∪ π2 ∪ p is a disjoint union for
some prime p and no prime in π1 is adjacent in G to any prime in π2.
Observe that p is the only prime that can be adjacent in G to all the
other primes. By our work in [8], we know that G has bounded Fitting
height. We prove that the Fitting height of G is at most 4.
Theorem A. Let G be a solvable group and suppose that ρG = π1 ∪
π2 ∪ p is a disjoint union where πi ≥ 1 for i = 1
 2. Assume that no prime
in π1 is adjacent in G to any prime in π2. Then G has Fitting height at
most 4.
Observe that the degree graphs of the groups studied in Theorem A
of [7] and the main theorem of [6] have the same structure as those found
in Theorem A. Part of our motivation for studying these graphs is to gener-
alize the results of [6, 7]. In this spirit, we see that the degree graph of the
groups studied in Theorem B of [7] is the graph with four vertices where all
the vertices have degree 2. Our techniques also work to get a better bound
for the Fitting height of this graph.
Theorem B. Let G be a solvable group. Suppose that G is the graph
having four vertices where every vertex has degree 2. Then the Fitting height
of G is at most 4.
2. PRELIMINARIES
We begin with a situation studied by Zhang in [13]. Let G act on an arbi-
trary group V , and assume that a Sylow p-subgroup of G acts nontrivially
on V for some ﬁxed prime p. Assume for each nonidentity element v ∈ V
that CGv contains a unique Sylow p-subgroup of G. In Lemma 4 of [13],
Zhang proved that in this situation V must be an irreducible module for G.
Also, if p > 2 and G = Op′ G, then V is primitive as a G-module. In the
following lemma, we show that more can be proved in this situation. In par-
ticular, we show either that V has order 9 and G is SL23 or GL23 or
that G is a subgroup of the semilinear group on V . For semilinear groups,
we use the notation found in Section 2 of [10].
A similar lemma appears as the main lemma in a preprint that we have
recently received from Pa´lfy [11], but our lemma here appears to be slightly
more general.
Lemma 1. Let the solvable group G act faithfully on an arbitrary ﬁnite
group V , and let p be a prime divisor of G. Assume for each nonidentity
element v ∈ V that CGv contains a unique Sylow p-subgroup of G. Then
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one of the following occurs:
(1) p = 3, V  = 9, and either G ∼= SL23 or G ∼= GL23; or
(2) there exists a normal abelian subgroup A of G such that VA is
irreducible as an A-module. In particular, G ⊆ V  the semilinear group
on V 
Proof. Note that the last statement of (2) comes from Theorem 2.1
of [10]. That result states that if G has a normal abelian subgroup such that
the restriction of V is irreducible, then G is contained in V . Since G acts
faithfully on V , it follows that a Sylow p-subgroup of G acts nontrivially
on V . By Lemma 4 of [13], we know that V is an elementary abelian q-
group for some prime q, and G acts irreducibly on V . Let H = Op′ G;
so H contains the Sylow p-subgroups of G. Certainly, H acts on V , and
a Sylow p-subgroup of H acts nontrivially on V . For every nonidentity
element v ∈ V , we observe that CHv contains a unique Sylow p-subgroup
of H. Again, using Lemma 4 of [13], V is irreducible as a module for H.
Let K = OpH. Suppose that V is quasi-primitive as a module for H.
By Theorem 10.4 of [10], one of the following occurs: (a) K is a cyclic
p′-group, (b) H ∼= SL23, p = 3, and V  = 9, or (c) K is extraspecial of
order 33 and exponent 3, p = 2 = H  K, ZH = ZK, and V  = 26.
If (a) occurs, then H = KCHv for every nontrivial element v ∈ V . It
follows that V is generated by v as a module for K for every nontrivial
element v ∈ V , and thus, V is irreducible as a module for K, and since
K is cyclic, we can take A to be K. Thus, we have conclusion (2). If (b)
occurs, then p = 3, V  = 9, and G is isomorphic to a subgroup of GL23.
Since K ∼= SL23, it must be that either G ∼= GL23 or G ∼= SL23. This
is conclusion (1).
We now consider possibility (c). Since H acts faithfully on V , it follows
that ZH acts faithfully on V . In particular, ZH ∩ CHv = 1 for every
nontrivial element v ∈ V . Also, we know that 26 − 1 = 63 and 27 does
not divide 63. Thus, there is some nontrivial element v ∈ V such that
H  CHv < 27 and 1 < K ∩ CHv. Since p = 2, we know that CHv
contains a Sylow 2-subgroup of H. Since this Sylow subgroup acts without
ﬁxed points on K/ZK, it follows that it acts nontrivially on CKv. This,
however, contradicts the fact that the Sylow 2-subgroup of CHv is normal.
Therefore, (c) cannot occur.
Suppose that V is not quasi-primitive as a module for H. In particular,
V is not primitive as a module for H. As we mentioned before the lemma,
we use Lemma 4 of [13] to see that p = 2. From Lemma 9.2 of [10], we
determine that q = 2. Choose C maximal among normal subgroups of H
so that V is not homogeneous as a C-module. If C contained a nontrivial
Sylow 2-subgroup, then we could use Lemma 4 of [13] to see that V was
irreducible as a module for C, which cannot occur. Therefore, C has odd
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order. We write V = W1 + · · · +Wm, where each Wi is a homogeneous C-
module. By Theorem 9.3 of [10], we know that either (a) H/C ∼= S3 and
m = 3 or (b) H/C ∼= D10 and m = 5. Note that every Sylow 2-subgroup of
H stabilizes a unique Wi.
Let  = CV T T ∈ Syl2H, and let k = Syl2H. Consider a
nontrivial element v ∈ V . We know that CHv contains a unique Sylow
2-subgroup of H. Thus, v is contained in a unique element of  . Because
H acts transitively on Syl2H, we know that H acts transitively on  .
It follows that  forms an equal partitioning of V and   = k. (For
information about equally partitioned groups, we suggest consulting [4].)
Let Wi = 2a = r for positive integers a and r. For each integer i between
1 and m, set i to be the set of w1
    
 wm ∈ V with wj ∈ Wj where
exactly i of the wj are not 0. It is easy to see that m = r − 1m and i =
mr− 1i when i = 1 and i = m− 1. For each i
i is a union of orbits under
the action of H; so for each i, the elements of i are equally distributed
among the groups in  . Given X ∈  , we have m ∩ X = r − 1m/k
and i ∩X = mr − 1i/k for i = 1 and i = m − 1. Let T be the Sylow
2-subgroup of H associated with X (i.e., X = CV T ). Fix an element
w = w1
    
 wm ∈ m ∩X. Recall that T stabilizes exactly one Wi, say W1,
and permutes the others in orbits of size 2. It follows that T must centralize
w1
 0
    
 0 and 0
 w2
    
 wm. Note that w is now uniquely a sum
of an element of 1 ∩ X with an element of m−1 ∩ X. This leads to a
bijection between m ∩X with 1 ∩X × m−1 ∩X. Equating the sizes
of these two sets, we obtain r − 1m/k = mr − 1/kmr − 1m−1/k,
and simplifying this equation, we have k = m2.
When m = 5, we have a bijection between 3 ∩ X and 1 ∩ X×
2 ∩X in a fashion similar to that in the previous paragraph. Observe
that 2 ∩X = 10r − 12/k and 3 ∩X = 10r − 13/k. Comparing the
sizes in the bijection, we ﬁnd the equation 10r − 13/k = 5r − 1/k×
10r − 12/k. Simplifying, this yields k = 5, but this contradicts the pre-
vious paragraph where we found that k = m2 = 25. Therefore, m = 5. The
remaining possibility is that m = 3 and k = 9. Let N be a 2-complement
of H, and observe that C ⊆ N and H  N = 2. It follows that N is a nor-
mal subgroup of G. It is not difﬁcult to determine that V is irreducible as
a module for N . We now show that N is abelian. In particular, we let N be
the subgroup A, and we will have shown conclusion (2).
Observe that N
T T is normal in H. Since H = O2′ H, it follows that
H = N
T T and N = N
T . By Fitting’s theorem, we know that N/N ′ =
N
T N ′/N ′ × CN/N ′ T  and thus, CN/N ′ T  = 1. In particular, CNT  ⊆
N ′. Because T  = 2, anything that normalizes T must centralize T ; so
NNT  = CNT . It is easy to see that 9 = H  NHT  = N  NNT ,
and C > 1. Therefore, N  N ′ divides 9. Let Q be a 3-complement for N
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contained in CNT , and let P be a Sylow 3-subgroup of N that satisﬁes
P
 T  ⊆ P . We have
QP = N = N
T  = QP
T  = P
 T  ⊆ P

since T centralizes Q. We conclude that N is a 3-group. This implies that
N  N ′ ≥ 9, and we deduce that N ′ = CNT .
By Theorem 9.3 of [10], we know that C acts transitively on Wi\0. Thus,
Wi − 1 = 2a − 1 is a power of 3. This implies that Wi = 2 or Wi = 4.
If Wi = 2, then C centralizes each of the Wi which contradicts the fact
that G is faithful. Therefore, Wi = 4 for i = 1
 2
 3. Fix a nonzero element
w ∈ W1. The size of the orbit of w under N must be 9. On the other hand,
the centralizer of w in N must centralize T . This implies that N ′ is the
centralizer of w in N . It is easy to see that N ′ must centralize each of
the Wi and, thus, V . Since the action of G is faithful, we determine that
N ′ = 1, and this proves the lemma.
Let N be a normal subgroup of G. Given a character θ ∈ IrrN, we
deﬁne IrrGθ to be the set of irreducible constituents of θG. Also, we set
cdGθ = χ1χ ∈ IrrGθ. Our next lemma, Lemma 2, is an applica-
tion of Lemma 1 to a situation that occurs when we study the graphs in
Theorems A and B.
Lemma 2. Let G be a solvable group, let F1 be the Fitting subgroup of G,
and let F2/F1 be the Fitting subgroup of G/F1. Suppose that F1 is a p-group
for some prime p. Assume that there is a prime r dividing G  F2 that is
not adjacent in G to some prime divisor of F2  F1 when F1 is minimal
normal in G, and r is not adjacent in G to any prime divisor of F2  F1
when F1 is not minimal normal in G. Then either
(1) G/F1 ⊆ pa for some positive integer a, or
(2) r = p = 3 and either G/F1 ∼= SL23 or G/F1 ∼= GL23.
In particular, the Fitting height of G is at most 4.
Proof. Observe that F1/%G is the Fitting subgroup of G/%G,
where %G is the Frattini subgroup of G. It is easy to see that G/%G
satisﬁes the same hypotheses as G. (When F1 is minimal normal in G,
it must be that %G = 1.) Furthermore, the conclusion of the lemma is
independent of %G. Thus, we may assume that %G = 1. By Hilfsatz
III.4.4 of [1], there is a subgroup E so that G = EF1 and F1 ∩ E = 1.
Now, F1 is an elementary abelian p-group. (This is Gaschu¨tz’s theorem,
Satz III.4.5 of [1].)
Let E1 be the Fitting subgroup of E, and observe that F2 = E1F1. It is
not difﬁcult to show that p does not divide E1. Writing W = F1
 E1,
we have F1 = W × CF1E1 where CF1E1 and W are normalized by E.
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Writing V = IrrW , it follows that E acts on the group V . We know that
F1 = CGF1; so CE1F1 = 1. Since E1 centralizes the rest of F1, it follows
that E1 acts faithfully on W , and, hence, E1 acts faithfully on V . Observe
that CEV  is normal in E. If CEV  > 1, then CEV  would contain a min-
imal normal subgroup of E. Since this minimal normal subgroup would be
nilpotent, we would have CE1V  > 1 which is a contradiction. Therefore,
the action of E on V is faithful.
Consider a character λ ∈ V with λ = 1. We claim that every charac-
ter degree in cdGλ is divisible by some prime that is not adjacent to r
in G. If F1 is minimal normal in G, then we proved in [9] that every
degree in cdGλ has the same prime divisors as F2  F1. In particular,
every degree in cdGλ is divisible by every prime divisor of F2  F1 that
is not adjacent to r in G.
We assume that r is not adjacent in G to any prime divisor of F2  F1.
Observe that E1 acts on the elementary abelian p-group W by conjugation,
so W becomes a GFpE1-module, where GFp denotes the ﬁeld with p
elements. Then V = IrrW  is the contragradient of W . As E1 is a p′-group,
the numbers of ﬁxed points of E1 on W and V are equal, so 1 is the only
element of V ﬁxed by E1. In particular, CE1λ < E1. This implies thatE  CEλ has a nontrivial common divisor with E1. It is easy to see that
the stabilizer in G of λ is F1CEλ, and, in fact, F1CEλ is the stabilizer
of 1CF1 E1 × λ in G. Since G  F1CEλ = E  CEλ, it follows that the
degree of every character in IrrGλ has a nontrivial common divisor with
E1 = F2  F1.
In either case, since every degree in cdGλ is divisible by some prime
that is not adjacent to r in G, no degree in cdGλ is divisible by r.
By Clifford’s theorem (Theorem 6.11 of [5]), r divides no degree in
cdF1CEλλ. Using Corollary 3 of [13], 1CF1 E1 × λ extends to F1CEλ.
It follows that cdCEλ = cdF1CEλ1CF1 E1 × λ ⊆ cdF1CEλλ (see
Corollary 6.17 of [5]), and r divides no degree in cdCEλ. This implies
via Corollary 12.34 of [5] that CEλ has a normal Sylow r-subgroup.
We may now apply Lemma 1. By Lemma 1, either (1) G/F1 ∼= E1 ⊆
V  = pa for some positive integer a or (2) r = 3
 F1 = 9, and either
G/F1 ∼= E1 ∼= SL23 or E1 ∼= GL23.
For the ﬁnal lemma, we introduce some more notation. If n is some
positive integer, we deﬁne πn to be the set of primes that divide n.
Lemma 3. Let G be a solvable group with πG = π ∪ p for some set
of primes π and a prime p. If G has an abelian Hall π-subgroup, then the
Fitting height of G is bounded by 3.
Proof. Let F1 = OpG, and let F2/F1 be the Fitting subgroup of G/F1.
Since G/F1 has no nontrivial normal p-subgroups, F2/F1 is a π-subgroup.
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We know that G/F1 has an abelian Hall π-subgroup, and CG/F1F2/F1 ⊆
F2/F1. It follows that F2/F1 is a Hall π-subgroup of G/F1. Therefore, G/F2
is a p-group, and G has Fitting height at most 3.
3. PROOFS OF THEOREMS A AND B
Proof of Theorem A. We work by induction on G. Let M be any non-
trivial normal subgroup of G. We claim that G/M has Fitting height
at most 4. We know that ρG/M ⊆ ρG. Suppose ρG/M ∩ π1 is
empty. Then G/M has a normal abelian Hall ρG/M′-subgroup H/M via
Corollary 12.34 of [5]. In particular, G/H is a π2 ∪ p-group. There is
a character χ ∈ IrrG with χ1π1 > 1. Let θ ∈ IrrH be a constituent
of χH . By Corollary 11.29 of [5], θ1π1 = χ1π1 . Now, ψ1/θ1 is π ′2
for every character ψ ∈ IrrGθ. We apply Theorem 12.9 of [10] to see
that G/H has an abelian Hall π2-subgroup. In view of Lemma 3, the Fit-
ting height of G/H is bounded by 3, and the Fitting height of G/M is
at most 4. We get a similar result when ρG/M ∩ π2 is empty. Thus,
we assume that ρG/M ∩ πi is not empty for both i = 1 and i = 2. If
p ∈ ρG/M, then G/M has two connected components, and the Fit-
ting height of G/M is at most 4 via Theorem 19.6 of [10]. Thus, we may
assume that ρG/M = π1 ∩ ρG/M ∪ π2 ∩ ρG/M ∪ p. The claim
is now proved by applying the inductive hypothesis to G/M .
If %G > 1, then by the previous paragraph, G/%G has Fitting height
at most 4. Since the Fitting height of G equals that of G/%G, we may
assume that %G = 1. Let F be the Fitting subgroup of G. If F is not
minimal normal as a subgroup for G, then we can ﬁnd via Gaschu¨tz’s
theorem, Satz III.4.5 of [1], nontrivial normal subgroups M1 and M2 such
that F = M1 ×M2. In the previous paragraph, we saw that G/Mi has Fit-
ting height at most 4 for each i. It is not difﬁcult to see that the Fitting
height of G/M1 ∩M2 is at most 4. Since M1 ∩M2 = 1, this gives the
desired result. Therefore, we assume that F is a minimal normal subgroup
of G.
Deﬁne E = G/F . Observe that the primes dividing E must be precisely
the set π1 ∪ π2 ∪ p. (Since F is abelian, every prime in ρG must divide
G  F  = E. On the other hand, every prime divisor of G  F  must
lie in ρG; see p. 254 of [10].) We know that F is a q-group for some
prime q. Let E1 be the Fitting subgroup of E. Suppose that some prime
in π1 divides E1. It follows that all the primes in π2 divide E  E1. We
can now apply Lemma 2 to see that the Fitting height of G is at most 4. (In
fact, it is at most 3 since in Lemma 2 (2), we see that G is a 2
 3-group
which cannot occur with ρG ≥ 3.) We get a similar result when some
prime in π2 divides E1F  F . We suppose that E1 is a p-group. Let E2/E1
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be the Fitting subgroup of E/E1. Observe that p does not divide E2  E1.
Therefore, E2/E1 is a πi-group for i = 1 or i = 2. Say that i = 1. Now,
E  E2 is divisible by every prime in π2. Thus, we may apply Lemma 2 to E.
If Lemma 2 (2) occurs then E is a 2
 3-group which violates ρG ≥ 3.
Lemma 2 (1) must apply, which yields that the Fitting height of E is at
most 3, and so the Fitting height of G is at most 4.
Proof of Theorem B. We work by induction on G. Suppose that M is
a nontrivial normal subgroup of G. We claim that G/M has Fitting height
bounded by 4. Observe that ρG/M ⊆ ρG. If ρG/M = ρG, then
the claim follows by applying the inductive hypothesis to G/M . (By [12]
and Theorem 14(c) of [2], no subgraph of G having four vertices can be
the degree graph of a solvable group. Therefore, ρG = ρG/M implies
that G = G/M.) We assume that ρG/M < ρG. When ρG/M
has 0 or 1 vertex, the claim is trivial. If G/M has two connected com-
ponents the claim is Theorem 19.6 of [10]. We assume that G/M is a
connected graph with at least two vertices. Because G/M is a subgraph
of G, it follows that if ρG/M = 3, then G/M has two vertices
of degree 1 and one of degree 2. In particular, we may apply Theorem A
to G/M to prove the claim. The remaining situation is that ρG/M = 2.
We can ﬁnd a normal abelian ρG/M-complement H/M for G/M . For
a prime p ∈ ρG/M, we can ﬁnd a prime q ∈ ρG that is not adjacent
to p in G. Thus, there is a character χ ∈ IrrG such that qχ1. Let
θ ∈ IrrH be a constituent of χH . We know that q divides θ1. Now,
ψ1/θ1 is p′ for all characters ψ ∈ IrrGθ. We conclude that G/H has
an abelian Sylow p-subgroup. By Lemma 3, the Fitting height of G/H is
at most 3, and this proves the claim.
If %G > 1, then by the previous paragraph, the Fitting height of
G/%G (and hence, G) is at most 4. Thus, we suppose that %G = 1.
Appealing to the previous paragraph again, we determine that the Fit-
ting subgroup of G is minimal normal in G. Every prime in ρG
divides G  F1, where F1 is the Fitting subgroup of G. Let F2/F1 be the
Fitting subgroup of G/F1, and let p be a prime divisor of F2  F1. Write q
for the prime in ρG that is not adjacent in G to p. By [10, p. 254],
we know that q does not divide F2  F1; so q divides G  F2. We now
apply Lemma 2 to see that G has Fitting height at most 4.
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